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Bubbles forming at small, single, circular orifices at constant, 
low flow rates obey “Tate’s Law.” When vertical oscillations are 
added to the system, low-viscosity fluids show modified behavior 
with oscillational plus gravitational acceleration influencing bubble 
release; high-viscosity fluids produce bubbles of the same size as 
predicted by Tate’s law. 

THEORY 

Tate’s law is derived by equating the surface tension force (as- 
suming an angle of attachment of 90”) and the buoyant force and 
solving for the bubble volume. 

(1) 
2 a R o ~  v, = - 

Experiments show that Tate’s law is a fair predictor (f20%) of 
bubble size for small orifices with vanishingly small gas flow and 
negligible chamber volume (Guyer and Peterhans, 1943; Datta et 
al., 1950; van Krevelen and Hoftijzer, 1950; Coppock and Meik- 
lejohn, 1951; Benzing and Myers, 1955; Hughes et al., 1955; SOO, 
1967; Blanchard and Syzdek, 1977; Park et al., 1977). 

When the entire bubble-forming apparatus is placed on a vi- 
bratory table and placed in sinusoidal vertical motion, it experi- 
ences a sinusoidal acceleration, which can be expected to add to 
that of gravity. Thus, one would expect Tate’s law to take the 
form 

APg 
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Tate’s law is static; it says that the bubble releases when the 
upward buoyant force exceeds the downward surface tension force. 
Equation 2 shows that the predicted volume for release is sinu- 
soidally varying. This makes more sense if one considers that the 
downward surface force is constant while the upward, buoyant 
force is the product of a linearly increasing component (due to 
bubble growth) and a sinusoidally varying one. Thus, Eq. 2 indi- 
cates the bubble volume for which the peak of the sinusoidally 
varying upward force exceeds the constant downward surface 
tension force. If there were no resistance to fluid motion due to 
viscosity, the bubble would be expected to release at this instant; 
and its size would be given by Eq. 2 If there were considerable 
viscous resistance, then the bubble would be expected to release 
only when the upward force, averaged over the entire cycle, ex- 
ceeded the downward force. 

The logical way to express the effect of viscosity is in terms of 
some form of Reynolds number. The appropriate one for this sys- 
tem appears to be 

D b a W  Re = - 
c1 

(3) 

This choice of Reynolds number for vibrating bubble systems goes 
back at least as far as Jameson (1966). 

Previous authors have shown that Eq. 1 is only a fair predictor 
of the observed bubble volumes; they have also discussed the causes 
of this variation. To eliminate this variability and focus on the effect 
of vibrations, all results in this note are presented in the form of the 
ratio of the observed bubble volume in the vibrated case ( V b )  to 
the observed bubble volume for the same apparatus and conditions 
without vibrations (V,). From the preceding theory for bubbles 
growing slowly, one would expect this ratio to be unity for small 
Reynolds numbers and to be [C, = (1/(1 + aw2/g))] for large 
Reynolds numbers. 
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EXPERIMENTAL APPARATUS AND PROCEDURE 

The entire system, comprised of an orifice and liquid chamber above 
it, was vibrated vertically in a sinusoidal manner at preset amplitudes and 
frequencies by a vibratory table (All American Machine Company, Model 
100 VA). 

A thin, porous polycarbonate membrane (Nucleopore N003) with av- 
erage pore diameter of 0.W fim, located on the bottom surface of the orifice 
plate, produced a constant flow rate independent of pressure oscillations 
in the liquid and the bubble. 

The liquids used were water, cyclohexane, baby oil, industrial oil (Amoco 
Industrial Oil No. 51) and 60,85, and 96 percent glycerol-in-water solutions. 
The gas was air except for the flammable liquids, with which nitrogen was 
used. The ambient laboratory conditions were nearly constant at 8.613 X 
104 Pa and 24°C. The range of values of the following parameters defines 
the region tested. 

Vibrational Amplitude, mm 0.368-1.59 
Gas Flow Rate, mm3/s 1.13-11.5 

Vibrational Frequency, Hz 7-49 

Liquid Head, mm 50.8-1 52 
Orifice Diameter, mm 0.553-2.004 
Reynolds Number 0.17-549 
aw2/g 0-6 

EXPERIMENTAL RESULTS 

Figure 1 summarizes the experimental results. As expected, the 
ratio of vibrated bubble volume to unvibrated bubble volume is 
unity for small Reynolds nupbers and approaches C, as an 
asymptote for large ones. Figure 1 shows only the experimental 
values for one particular CO (0.5). The agreement between ex- 
periment and the curves shown is comparable for the other values 
of C,. For Reynolds numbers less than 1, the experimental values 
of the bubble volume ratio differed from unity by an average of 
3%. For Reynolds numbers greater than 10, the experimental values 
for all C,’s differed from C, by an average of 5%. For the transition 
region with Reynolds numbers between 1 and 10, the data were 
satisfactorily curve fit by 

Vb - aRe-7 -k c, 
V t  a R e - r +  1 

Volume Ratio = - - (4) 

where (y = 10(-3.651 lOglOCo+O.242) 

and y = -2.381 C, + 4.497 

(5 )  

(6) 

Equation 4 fits the experimental data for all values of C, with a 
maximum error of 40% and an average error of 6.6%. Equation 4 
has no theoretical basis and should be viewed simply as a data- 
fitting equation. The solid curves on Figure 1 are computed from 
Eq. 4. 

All of the data in this project were taken at low flow rates such 
that the number of vibratory cycles per bubble was greater than 
9.0. 

Some of the tests with highly vicous fluids and ad/g > 9.0 re- 
sulted in dimensionless bubble volumes greater than 20.0. This is 
due to the compressibility of the gas in the bubble (Buchanan et 
al., 1962; Jameson and Davidson, 1966; Jameson, 1966; Foster et 
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Figure 1. Summary of experimental data: The data points are for C, = 0.5; 
the curves are from Eg. 4. 

al., 1968; Rubin, 1968). Values of ao2/g greater than 9.0 are 
probably the range of values farthest removed from common in- 
dustrial situations. 

Complete experimental details, tables or data, and much more 
discussion are presented by Barker (1981). 
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NOTATION 

a = amplitude, mm 
C, = bubble volume ratio calculated by 1/(1 + aw2/g) 
Db = bubble diameter assuming spherical shape, mm 
g = gravitational acceleration, m/s2 
Re = Reynolds number, Eq. 3 
R, = orifice radius, mm 
t = time, s 
V b  
V t  

= bubble volume, vibrated conditions, mm3 
= bubble volume, static conditions, mm3 

Greek Symbols 

a! = curve fitting parameter 
y = curve fitting parameter 
p = viscosity, Pa-s 
p = density, kg/m3 
Ap = gas-liquid density difference, kg/m3 
u = surface tension, N/m 
w = angular velocity, rad/s 
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